Abstract 1 A simple model of forced magnetic reconnection in a force -free magnetic eld is considered, which allows calculation of the magnetic energy release during the current sheet reconnection. The dependence of this energy on characteristics of the magnetic con guration has been studied, and it was found that the released energy becomes very large when the eld is near the marginal tearing stability. A persistent plasma heating provided by ongoing external driving and internal reconnection is most e cient when the time-scales of these processes are comparable. Possible implications of the obtained results for the problem of solar coronal heating are brie y discussed.
I Introduction
Magnetic reconnection plays an important role in many astrophysical objects including stars, galactic discs and the interstellar medium. The most known example is given by the Sun. It is now generally recognised that magnetic reconnection is behind not only such sporadic explosive events as solar ares, but is also likely to be responsible for persistent conversion of magnetic energy into heat which maintains high temperature (T 10 6 K) of the coronal plasma (see, e.g. 1]). The very possibility of this magnetic coronal heating, as well as the major di culty for its actual realisation, both originate from the high conductivity of hot coronal plasma. From one side, the high conductivity ensures that photospheric motions, such as convective granulation, can generate electric currents within the corona by shu ing footpoints of the coronal magnetic eld, thus providing a source of the excess magnetic energy potentially available for the coronal plasma heating. However, the corresponding Ohmic dissipation rate, on global length scales, becomes so small, that such conventional conversion of this energy into heat is completely irrelevant. Thus, for magnetic heating to be e ective, ne-scale magnetic structures known as current sheets must develop within the coronal magnetic eld in response to its external (photospheric) deformation 2]. Inside the current sheet even small resistivity results in magnetic reconnection which breaks the eld topology conservation constraint of the ideal magnetohydrodynamics (MHD) and therefore allows fast transition of coronal con guration to a state of lower magnetic energy. Moreover, this process can be facilitated even further by the anomalous resistivity of the plasma which is triggered inside the current sheet when the electric current density exceeds certain threshold see, e.g. (3)]. It is well understood now that current sheets are likely to be ubiquitous in the corona due to its complex magnetic structure as well as the turbulent nature of photospheric motions [4] [5] [6] . Thus the process of magnetic coronal heating is highly fragmented in both space and time, and hence can be viewed as an integral e ect of numerous small scale energy release events dubbed nano ares 7] . Therefore understanding of how magnetic eld evolves and reconnects inside a single current sheet is essential for assessing viability of the above concept, as well as predicting possible observational signatures of the nano are-heated corona. In general, there are two di erent types of magnetic reconnection in a highly conducting medium. One is spontaneous reconnection which occurs as a result of the resistive MHD instability such as tearing mode 8] . Another, of interest here, is forced reconnection, when the necessary requisit for the process, the current sheet, is produced by external deforma-tion of the intially smooth magnetic eld (as it happens, for example, in the coronal eld due to photospheric perturbations). A remarkable analytical description of forced magnetic reconnection in a neutral sheet with incompressible plasma, the model of interest for laboratory fusion devices, was given in 9]. In the present paper we generalise this approach for force-free magnetic elds which are more relevant to astrophysical application, putting main emphasis on the energetic aspect of magnetic reconnection. From this point of view the two models are essentially di erent, with the reason originating from their MHD stability properties. While the linear neutral sheet studied in 9] is MHD stable, the sheared force-free eld might be tearing unstable if the shear is strong enough. As a result, the energy released by forced magnetic reconnection in the sheared force-free eld becomes very large near the marginal stability of the tearing mode, thus revealing connection between the forced and spontaneous reconnections. The paper is organised as follows. In Section II the model and basic equations for force-free magnetic equilibria describing the initial and perturbed con gurations are presented. The current sheet formation and its reconnection, as well as the magnetic energy release, are discussed in Section III. The relation between the amount of energy released by reconnection and tearing stability of the initial magnetic eld is studied in Section IV. The concluding Section V presents results related to persistent plasma heating by ongoing forced reconnection and their implications for the problem of solar coronal heating, followed with the summary of the paper.
II Model and Basic Equations
Our interest is in objects where the plasma thermal pressure is small compared to the magnetic pressure (the parameter = 2 o nT=B 2 1), hence their equilibrium con gurations have to be close to a force-free magnetic eld with (j B) = 0, i.e. j = (r)B; (B r) = 0:
In this paper we start with the one-dimensional sheared force-free eld given by B i = f0; B o sin (x); B o cos (x)g ; (2) so that = d =dx. Let , the subsequent evolution of the system will be quasistatic, i.e. the magnetic eld will remain almost force-free, and therefore determined by the instantaneous form of the deformation (3) . If the deformation is also small, i.e. a, the related magnetic eld perturbation, b(r), can be derived using the linear approximation. Hence representing (y; z) as a superposition 
Then the deformed magnetic eld remains z-invariant, hence it can be represented as B(x; y) = r (x; y) ẑ] + B z (x; y)ẑ; (6) where the poloidal ux function determines B x and B y as B x = @ @y ; B y = ? @ @x (7) so that a eld-line projection on the (x ? y) plane is given by (x; y) = constant. (9) where o (x) and F o ( o ) relate to the initial one-dimentional eld B i given by (2), while and F are due to the boundary displacement (5). Comparing (6) and (7) with (1) and (2),
Since the deformed boundary (5) has to remain a magnetic surface, the ux function is constant there, thus the ux perturbation must be of the form (x; y) = 1 (x) cos ky: (11) Inserting this into (8) 
and its regular solution satisfying boundary conditions (13) is :
? (15) This solution is well behaved and contains nothing special unless at some location x = x o within the slab (?a < x o < a) the y-component of the initial magnetic eld is zero, i.e.
B iy (x o ) = 0 (it means that x = x o is the resonant surface where k ? B i = 0).
given by (15) is, in general case, non-zero, the deformed magnetic con guration (9) acquires a topology di erent from that of the initial eld B i , with the magnetic islands formed at the resonant surface (similar to the magnetic islands formation at the neutral line in 9]).
Indeed, according to (9), (10) and (11) cannot be realised in a perfectly conducting medium for which magnetic reconnection is prohibited by the frozen-in eld constraint. Therefore the solution for this case, which we denote as by developing the current sheet at the resonance surface, where the current density increases with time and the width of the sheet decreases correspondingly. When the width becomes su ciently small, resistive e ects intervene, so that magnetic reconnection takes place, and the smooth equilibrium state (r) 1 is reached in the tearing mode time scale. Though for the force-free magnetic eld considered here the details of this transition are di erent from that in 9] because the plasma motion is not incompressible, the process is, in general, similar to that for a neutral sheet, and the corresponding transition time r can be estimated roughly as r ( A ) 1=2 S ?1=2 . Another characteristic of this transition, most important from the point of view of plasma heating, is the amount of magnetic energy released. It can be derived as the di erence in the magnetic energy of the ideal equilibrium where it is assumed that the perturbation amplitude, o (t), is zero at t = 0 (initial nondeformed state ), and the sign < >means average over periodic variations of the deformed state along the y-axis. As was mentioned in Section II, for slow quasistatic deformation the system remains in the state of a force-free equilibrium at any given moment, so in deriving A from (19) it is possible to obtain the magnetic pressure P m (x + b ) involved using the corresponding perturbed equilibria 
Obviously, only the last two terms on the right-hand side of (21) make a non-zero net contribution in (19), and using expressions (15) and (17) 
The dimensionless function f depends on three parameters: o a -the shear of the initial magnetic con guration, ka -the normalised scale-length of the external perturbation, x othe location of the resonance surface, and is equal to is the tearing instability of the initial force-free magnetic eld B i (see next Section), which makes inappropriate the whole perturbation approach applied above: even small external perturbations can trigger a substantial recon guration of the initial magnetic eld. If, however, the shear is subcritical, f is a smooth regular function, and its dependence on the scale-length ka of perturbations is illustrated in Figure 2 .
IV Energy Release and Tearing Instability Threshold
It might be expected from a general physical viewpoint that the response of the system to the external perturbation, and hence the above-considered reconnective transition, are both sensitive to the MHD stability of the initial state. Therefore let us now recall the MHD stability properties of the sheared force-free magnetic eld (2). It is well-known (see, e.g., 11, 12] ) that such a eld is stable in the framework of ideal MHD, but can be unstable to the tearing mode if the shear is strong enough and exceeds a certain threshold. To decide whether the system is stable or not it is su cient to consider the equilibrium equation (12) for 1 (x). Since development of the tearing mode involves spontaneous magnetic reconnection which is not caused by external perturbation (contrary to the forced reconnection studied in the current paper), the boundary conditions for 1 is much less than that for the initial one (the work A (r) in (23) is large and negative). Therefore even a weak and energetically minor external perturbation can trigger a signi cant relaxation in a marginally stable magnetic con guration. This general trend, the closer to an instability threshold a system is, the more signi cant is the e ect of an external perturbation, is also con rmed by the curves of Figure 2 . Indeed, the tearing instability threshold ( o a) t goes up with increasing ka, hence f is a decreasing function of ka under xed value of o a.
So far the analysis has been restricted only to the case of uniform shear, for which the tearing threshold condition (28) has simple geometrical sense: the net turning angle of the magnetic eld between the boundaries x ( ) b = a is equal to ( ) t = 2 o a = . It is therefore of interest to investigate what di erence the non-uniformity of shear makes, namely what is its e ect on ( ) t and how it changes the amount of energy released in forced magnetic reconnection. As far as the tearing mode is concerned, the question is whether it is possible to have a stable sheared eld with > . It has been shown in 12] that to achieve bigger ( ) t one has to increase the local shear in the vicinity of the boundary surfaces where 1 has nodes. Therefore we impose the following variation of (x):
has a regular solution with zero boundary conditions for k = 0, thus that represents the threshold of the tearing instability in terms of the net turning angle of the magnetic eld. The result is plotted in Figure 3 as ( ) t versus : it can be seen that such shear non-uniformity indeed results in the increased net turning angles for tearing-stable sheared elds. To investigate the e ect of shear non-uniformity on forced magnetic reconnection, two solutions of Eq. (12) with boundary conditions (13) and the shear pro le (29) were found:
which is a regular one, and (i) 1 -ideal MHD solution with the current sheet at the resonant surface. Then, similarly to the case of uniform shear, the amount of energy E released during the transition from
is calculated, and variation of E with is illustrated in Figure 4 by plotting the function f( ; ka; x o ; ) which is the non-uniform shear analogy of that introduced in (24). The explanation of why f is decreasing with increasing is now quite transparent: the instability threshold ( ) t increases with (see Figure 3) , thus making the system more stable under xed .
V Discussion and Conclusions
In this nal section we discuss brie y what plasma heating rate can be provided by forced reconnective transitions described above, and then summarise the main results. So far we have considered a single event of magnetic reconnection during which the energy E is released and dissipated over a time interval of r . However, a persistent plasma heating, which is of interest for the solar corona, requires ongoing external driving with the associated dissipation. In the framework of the model adopted this situation can be represented by assuming that the amplitude o of the external perturbation continuously varies in time with some typical time scale T. In this case a steady-state dissipation rate Q will be established in the system, and an order of magnitude estimate of Q can be obtained in the following way. First of all, in general function f in (25) T > r : (32) As can be seen from (31) and (32), the faster reconnection (i.e. the shorter r ) does not necessarily result in an increased heating. This is true only to the certain extent, namely for r > T; if r becomes shorter than T the dissipation rate Q decreases together with r according to (32). Therefore under a xed time scale T of the external driver there is an upper limit for Q achieved at r T: 
This has simple physical meaning: the net dissipation in the system cannot exceed the total Poynting energy in ux externally supplied across the boundary surface. It is worth mentioning that the above estimates can be con rmed by calculation of the plasma heating rate directly from the resistive MHD equations (these results will be the subject of a separate publication). Therefore they also provide a` rst principles' support for semi-phenomenological derivations of the plasma heating by reconnection given in 14], where the reconnection time r was not obtained self-consistently but was imposed using di erent models of steady magnetic reconnection. Let us consider now possible implications for the solar coronal heating. The magnetic geometry of the present model is di erent from that in the corona, where magnetic eldlines are rooted into the photosphere, and so are external perturbations which create current sheets in both cases. However, once current sheets are formed, and as far as the reconnection and energy release are concerned, the situation becomes quite similar, so the above estimates for the dissipation rates seem applicable. Therefore it follows from (31) that reconnection time r required for providing the necessary dissipation is quite long: r T A , so even the tearing time scale might be su cient for the purpose of coronal heating (see also 15]).
In conclusion, we summarise the main results of the paper. First, a simple model of forced magnetic reconnection in sheared force-free magnetic eld is investigated. A particular interest is in the energetic aspect of reconnection, thus the associated heat input into plasma has been derived as the magnetic energy di erence between the equilibrium with the current sheet and the reconnected equilibrium without one. The dependence of this input on the parameters of the initial equilibrium and of the external driver was analysed. An essential di erence between forced magnetic reconnection in a neutral sheet studied in 9], and that in the sheared force-free eld has been revealed, which originates from the possible tearing instability of the latter (linear neutral sheet in 9] is MHD stable). It was found that the response of this eld to the external perturbation becomes very strong near the marginal stability of the tearing mode, so the amount of energy released by reconnection in the case of uniform shear scales as ( cr ? o ) ?1 , where cr and o are the critical and present shear parameters respectively. Therefore even a weak external perturbation can trigger a substantial relaxation, with the large heat input tapped from the initially stored magnetic energy. This e ect might be relevant to solar ares, though its detailed study requires a non-linear analysis which is beyond the scope of the paper. Second, the e ect of shear non-uniformity was studied, in relation both to the tearing instability threshold and the magnetic energy release by forced reconnection. The result is that such magnetic eld becomes more stable when its shear is increasing towards the conducting boundaries. Consequently, the heat input by reconnection decreases, because the farther system is from the instability threshold , the less sensitive it becomes to external perturbation. Finally, we have considered continuous plasma heating by ongoing external driving and internal reconnection. It was shown that heating rate essentially depends on the relation between the reconnection time and the driving time. The increase in the reconnection rate does not necessarily increase dissipation because very fast reconnection does not allow buildup of free magnetic energy, so the maximum heating rate occurs when these two time scales are of the same order. Implications of these results for plasma heating in the solar corona are discussed brie y. Figure 3) , the system is more stable for a given and hence the released energy decreases with increasing . 
